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@ We survey results on a recently defined character on the
NTRU 1'5 quasi-shuffle a!gebra, f[ermed /tefated-sums S{Qngture, Ig
the context of time series analysis and dynamic time
warping. Algebraically, it relates to quasi-symmetric
functions as well as quasi-shuffle algebras.
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Quasi-shuffle algebra Quasisymmetric functions Time warping invariance

Let A={1,...,d}.OnH =T (S(A)) define A formal power series P € R( X7, Xo,...) is
qguasisymmetric if the coefficients of the monomials

uaxvb=(uxvb)a+ (uaxv)b+ (uxv)lab].
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1%2=12+21+[12] are equal, whenever iy < - -+ < iyand j1 < ... < ip. I I I I
1% 23 = 123 + 213 + 231 + [12]3 + 2[13] Examples include I I
M@.2) = Z Xi Xii’ P3 = Z Xi3’ S

i1 <I'2 /

The iterated-sums signature Quasi-shuffle morphisms

We consider time series X = (Xo, . . ., xn) € (RY)"N. Define the increments X = Xg11 — Xk For a formal diffeomorphism f € tR[[t]], f = 2., c,t" define alinear map Yr: H — H by
fork =0,...,N—1. Ye(uq - ug) = Z ciy -+ cipI[ur -+ ug]

Theorem | | | Ie.Cj‘(k)

Let F : (IRd)N — R be a polynomial map, invariant to time warping and space translations. where I = (i1,...,ip) € C(k) is a composition of k of length p and

Then F is realized as a quasisymmetric function on the increments of X. Iuy---ug] = [uy - ui][Uier - Uisiy] - [Ui1+---+ip_1+1 U]

: . i : .
We extend the coordinate map / — x tp S(A) as an algebra morphism, that is, Definition
Uikl = Lk Let6 € R and consider fa(t) = (et — 1). Define the map 1SS(x)4 ,,: H — R by
Definition ISS(X)5 , = 1SS(X)n.m © Wp,.
Let x be a time series and0 < n < m < N. We define a map ISS(x),.m: H — R by
(ISS(X) pms U7 * + * Ug) = Z 5xj’.111 e 6ij.’:

N<J1<--<Jg<m

— Relation to stochastic integration

The iterated-sums signature map satisfies Stochastic integrals are defined as the limit in probability of Riemann sums,

1. Chen’s relation: forall0 < n<r<m<N, 1 n
/ XedYe x> X (Yo, — V).
0 :
J=0

k
<ISS(X)n,m9 i1 C Ik> — Z(ISS(X)n,ra i1 - ij><ISS(X)I‘,m9 ij+1 C ik)'
J=0 The ISS contains these sums and also provides an alternative description of It6 calculus at the

2. the quasi-shuffle relations: discrete level. Indeed, the quasi-shuffle relations recover 1t6’s formula
(ISS(X)p.m, u * V) = (ISS(X)p.m, U){ISS(X) n.m> V) L L
(X1 = Xo)(Y1—Yo) = Z OX; Z 2%
/=0 1=0
= ) %8y, + ) Syp6x;, + ) 68y,

J1<J2 J2<J1 J

1 1
z/ (Xt—XO)dYt+/ (Ye—Y0)dX: + (X, Y);
0 0

The Connes-Kreimer Hopf Moments and cumulants

alg ebra When the time series under considerations is a random sequence X, the | Proposition
ISS is itself a random map on the quasi-shufle algebra. This sum can be expressed in terms of linearly ordered
Here it is denoted by (Hck, -, A). It is linearly spanned by Definition partitions:
trees and forests. Its product is the disjoint union of forests. The expectation map of ISS is the linear map uy: H — R given by trtal o aym
The coproduct is given in terms of admissible cuts. . - WikekW, (=1) T ()0 (t
K — ,ux( 71'1) qu( ﬂm)‘
(x> U1 -+ - Ug) = E[(ISS(X)o,n, U1 - uk)] = E D PARRRY) o m= mEN
INT = .\2/.3®@+®®'\2/'3+02®I3+o3®12+0203®01. " T . . . .
1 1 1 1 1 AR 1 The sum on the right-hand side runs over ordered partition

with m blocks. The computation of order m,

= {m, -, Ty} and its blocks x; is obtained by
partitioning I U J = | n] into two subsets, where I # @.
Then consider the corresponding subsets of trees,

B i 1 N e i (—1)”_1 “n tr =t -t and t; = JARRERR T Apply to each tree in
Hx = X — - Hy -
n=T n=0

There exists a unigue map kx: H — R such that uy = exp,(kx) where
the exponential is with respect to the convolution product of linear maps
on H, that is

There is an isomorphism between the Hopf subalgebra /:ICK
formed by ladder trees and the quasi-shuffle Hopf algebra
H. We denote thismap by F: H — Hck.

nl X tr a single non-empty cut. This produces a tensor product
of forests t7 X t7. Define the set 71y := {t7}. and the forest
We define fiy = px o F~', Ry = kyo F. t’’t;. Repeat the procedure to define the blocks 2, 73, up
tomry,forT <m< |t1--- ¢ty
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